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a b s t r a c t
Because of the reverse cyclic plastic zone at the crack tip, there is plastic dissipation in heat at the crack
tip under cyclic loading. That creates a heterogeneous temperature ﬁeld around the crack tip. A thermo-
mechanical model is proposed in this paper for evaluating the consequence of this temperature ﬁeld on
the Mode I stress intensity factor. Two cases are studied: (i) the theoretical problem of an inﬁnite plate
with a semi-inﬁnite through crack under Mode I cyclic loading, and (ii) a ﬁnite specimen with a central
through crack. In the ﬁrst case, the main hypothesis and results are presented from the literature but no
heat loss is taken into account. In second case, heat loss by convection is taken into account with a ﬁnite
element analysis, while an analytical solution exists in the literature for the ﬁrst case. In both cases, it is
assumed that the heat source is located in the reverse cyclic plastic zone. The heat source within the
reverse cyclic plastic zone is quantiﬁed by experiments on a mild steel under R = 0.1. It is shown that
the crack tip is under compression due to thermal stresses coming from the heterogeneous temperature
ﬁeld around the crack tip. The effect of this stress ﬁeld on the stress intensity factor (its maximum, min-
imum and its range) is calculated. This paper shows that experiments have to be carried out to determine
the heat source within the reverse cyclic plastic zone. This is the key parameter to quantify the effect of
dissipation at the crack tip on the stress intensity factor.
 2013 Elsevier Ltd. All rights reserved.
1. Introduction
It is known in the literature [1,2] that during plastic strain a sig-
niﬁcant part of the plastic energy (around 90% for metals) is con-
verted in heat. During a cyclic loading of a cracked structure, the
plasticity is located in the reverse cyclic plastic zone near the crack
tip. This phenomenon was ﬁrst explained by Paris in 1964 [3] and
studied later by Rice in 1967 [4]. This effect is nowwell-known and
participates for instance in the explanation of the crack closure
phenomenon which was ﬁrst identiﬁed by Elber in 1970 [5]. As
was noticed by the authors in 2011 [6], the dissipated energy in
the reverse cyclic plastic zone also generates a heterogeneous tem-
perature ﬁeld which depends on the intensity of the heat source
associated with the plasticity and the thermal boundary conditions
of the cracked structure. Due to the thermal expansion of the mate-
rial, the temperature gradient near the crack tip creates thermal
stresses which contribute to the stress ﬁeld in this region.
The main aim of this work is to quantify the effect of the heter-
ogeneous temperature ﬁeld on the stress intensity factor. The pre-
vious paper by the authors [6] was devoted to the theoretical
problem of an inﬁnite plate with a semi-inﬁnite through crack
without any heat loss. Indeed, there are two signiﬁcant problems
to solve when estimating the thermal stresses: the ﬁrst one is
the quantiﬁcation of the heat source associated with the plasticity
near the crack tip; the second one is to make a good estimation of
the boundary conditions of the thermal problem (convection from
the surface of the cracked structure, for example). The heat source
has to be deduced from experimental temperature ﬁeld measure-
ment with an inverse numerical method (using ﬁnite element
analysis). The geometry of a real specimen has to be taken into ac-
count together with the convection boundary conditions over all
the specimen surfaces.
The present paper is ﬁrst focused on the theoretical problem of
an inﬁnite plate with a semi-inﬁnite through crack under fatigue
loading in Mode I (Fig. 1). The hypothesis and the main results
associated to this problem, solved by the authors in 2011 [6], are
recalled to understand the most signiﬁcant phenomena. Then,
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the heat source within the reverse cyclic plastic zone is identiﬁed
from temperature ﬁeld measurement (with an infrared camera)
at the surface of a central cracked specimen. In this case the ther-
mal losses due to convection cannot be neglected like in the previ-
ous theoretical problem (inﬁnite plate with a central through
crack). A ﬁnite element analysis including the thermal losses (con-
vection) allows the authors to compute the temperature ﬁeld on
the specimen, to estimate the thermal stresses due to this hetero-
geneous temperature ﬁeld and to quantify their effect on the Mode
I stress intensity factor. It is shown that the crack tip is under com-
pressive thermal stresses which reduce the crack driving force. Fi-
nally, some recommendations for further theoretical and
experimental investigations are proposed.
2. An inﬁnite plate with a semi-inﬁnite through crack
2.1. The temperature ﬁeld due to the heat source within the reverse
cyclic plastic zone
During crack growth under cyclic loading, the cyclic plastic
strains at each cycle are conﬁned within the reverse cyclic plastic
zone. A portion of the plastic strain energy is dissipated in heat
and generates a temperature variation. Generally, the size of this
reverse cyclic plastic zone is very small. In order to determine
the temperature ﬁeld, it is possible to consider the thermal prob-
lem associated with the fatigue crack propagation as a line heat
source centered in the reverse cyclic plastic zone along the crack
tip in an inﬁnitely thick body. Ranc et al. [6] have compared the
numerical solution (by ﬁnite element analysis) of the thermal
problem in the case of a uniform heat source in a cylinder with a
radius equal to the radius of the reverse cyclic plastic zone
(Fig. 1) and the analytical solution of the thermal problem with a
line heat source. The temperature variation ﬁelds obtained with
the line heat source or the uniform heat source hypothesis are very
close to eachother outside the reverse cyclic plastic zone: the rela-
tive difference is equal to about 0.03%. However, the temperature
inside the reverse cyclic plastic zone can be very differently distrib-
uted, but this is not the aim of this paper. This study is focused on
the effect of the temperature gradient on the stress state outside
this plastic zone, in order to calculate the consequences on the
stress intensity factor.
The dissipated power per unit length of crack front is assumed
to be proportional to the surface area of the reverse cyclic plastic
zone and the loading frequency f [7]:
q ¼ fE ¼ fgr2R; ð1Þ
with E the dissipated energy per unit length of crack front during
one cycle, rR the radius of the reverse cyclic plastic zone and g a
material-dependent proportionality factor.
It is well-known in the literature that, both in plane stress and
plane strain, the reverse cyclic plastic zone radius is proportional to
DK2I , where DKI is the range of variation of the Mode I stress inten-
sity factor. Consequently, the dissipated power per unit length of
crack front is proportional to the stress intensity factor variation
to the power four:
q ¼ q0DK4; ð2Þ
with
q0 ¼
gf
82p2r4y
ð3Þ
for plane stress conditions and,
q0 ¼
gf
242p2r4y
ð4Þ
for plane strain conditions.
These results have been already shown analytically [7] and
numerically [8]. Furthermore it is important to note that Pippan
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Fig. 1. Schematic of the thermodynamical problem of a semi-inﬁnite crack in an
inﬁnite plate under cyclic tension (Mode I) caused by a remote mechanical loading
F(t).
and Stüwe [9] have also proved these results by experiments. In
particular, with crack growth experiments at two loading frequen-
cies (50 and 250 Hz) under two R ratios (0.1 and 0.5), on CT spec-
imens made of two steels (named St 70 and St 37), Pippan and
Stüwe have shown that: (i) under cyclic loading, most of the plastic
work is dissipated in heat, (ii) the plastic work per cycle and per
unit of specimen thickness is proportional to DK4, and (iii) this
plastic work is R ratio independent.
A constant heat source is considered in the present paper and,
in such a case, an analytical solution for our problem exists. Fur-
thermore, note that, in general, the fatigue crack velocity is small,
especially when the stress intensity rangeDK is close to the thresh-
old value DKth. Since q is proportional to DK4, for a slow moving
crack, DK and also the heat source q can be supposed constant.
Moreover, in such case the heat source associated with the fatigue
crack propagation can also be supposed to be motionless. This
assumption can be justiﬁed by the calculation of the Péclet num-
ber, noted Pe, which compares the characteristic time of thermal
diffusion with the characteristic time associated to the heat source
velocity (i.e. the velocity of the reverse cyclic plastic zone at the
crack tip). In this case, the Péclet number is expressed by:
Pe ¼ Lv
a
; ð5Þ
where L is the characteristic length of crack propagation, v the crack
velocity and a the thermal diffusivity. For a crack length of 1 mm, a
crack velocity of 0.1 mm s1 and a thermal diffusivity of
1.5  105 m2 s1 (typical value for steel), it is possible to calculate
a Péclet number equal to 6  103. This value remains small com-
pared to unity and, therefore, the heat source can also be considered
as motionless.
Within all these assumptions, the thermal problem is axisym-
metric. The authors [6] have solved the associated heat transfer
equation considering that there is a homogeneous temperature
T0 in the plate at time t = 0. The temperature variation ﬁeld
#(r, t) = T(r, t)  T0 can be expressed by:
#ðr; tÞ ¼ q
4pk
Ei  r
2
4at
 
; ð6Þ
with a ¼ kqC is the heat diffusivity (q is the density of the material, C
its heat capacity, k its heat conductivity) and EiðxÞ ¼ R1x euu du
the integral exponential function. It has to be noticed that the tem-
perature is proportional to the dissipated power q.
2.2. The stress ﬁeld due to the heterogeneous temperature ﬁeld near
the crack tip
2.2.1. Hypothesis
The temperature ﬁeld associated with the heat source in the re-
verse cyclic plastic zone generates a temperature gradient varying
with time outside this plastic zone and, consequently, creates ther-
mal stresses due to the thermal expansion of the material. In order
to estimate these thermal stresses, the thermo-mechanical prob-
lem with the temperature ﬁeld previously calculated has been
solved by Ranc et al. [6]. This thermo-mechanical problem is sup-
posed to be bi-dimensional because the temperature ﬁeld is axi-
symmetric. Indeed, the theoretical problem of an inﬁnite plate
with a semi-inﬁnite through crack under Mode I cyclic loading is
considered (Fig. 1). The material is assumed to be homogeneous
and isotropic with an elastic–plastic behavior, and plastic strain oc-
curs only in the reverse cyclic plastic zone (cylinder domain with
radius rR).
In both cases of plane stress and plane strain, there is unre-
stricted plastic ﬂow through the thickness direction in the cracked
specimen. With alternating plasticity, the mean radial stress in the
reverse cyclic plastic zone tends toward to zero (i.e. mean stress
relaxation). Also in the thermo-mechanical problem, only the elas-
tic domain is considered and the boundary condition in the reverse
cyclic plastic zone radius is the following: the radial stress is equal
to zero.
Further, since the constitutive behavior of the material is sup-
posed to be isotropic and thermo-elastic, it is expected in ﬁrst
approximation that, outside of the reverse cyclic plastic zone, the
basic equations of thermo-elasticity govern the problem. Two par-
ticular stress strain cases are considered for the elastic region: (i)
plane stress where the normal stress (rz) is equal to zero, and (ii)
plane strain where the strain (ez) is equal to zero. In both cases,
the material behavior outside the reverse cyclic plastic zone is
modeled by an isotropic thermo-elastic stress strain law. The plane
stress case is adopted here for the sake of simplicity. For more de-
tails the readers may read Ref. [6] for the plane strain case that was
examined by Ranc et al. in 2010.
2.2.2. The analytical solution of the thermo-mechanical problem
Ranc et al. [6] have solved the thermo-mechanical problem. The
radial and circumferential normal stresses are:
rrðr; tÞ ¼ a
0E0aq
pkr2
t
2
e
r2
4at  e
r2
R
4at
 
þ 1
8a
r2Eiðr
2
4at
Þ  r2REið
r2R
4at
Þ
  
;
ð7Þ
rhðr;tÞ¼a
0E0q
8pkr2
4at e
r2
4ate
r2
R
4at
 
þ r2REi
r2R
4at
 
 r2Ei r
2
4at
   
;
ð8Þ
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Fig. 2. The circumferential stress distribution at various times for a unit heat source
q = 1 Wm1 and rR = 4 lm: (a) general view, (b) enlargement near the reverse cyclic
plastic zone, from [6].
where E0 = E and a0 = a for plane stress, for Young modulus E, and
linear coefﬁcient of thermal expansion a, whereas E0 ¼ E1m2 and
a0 = a(1 + m) for plane strain. In Ref. [6] the circumferential normal
stress is then calculated for Young modulus E and Poisson ratio m
equal to the following typical values for steel: 210 GPa and 0.29.
The thermal expansion of the material is chosen equal to the typical
value a = 1.2  105 K1, and the line heat source is taken equal to
the unity (q = 1 Wm1). Fig. 2a shows the evolution of the circum-
ferential stress (i.e. opening stress for the crack) along a radial axis
for two different times. Near the reverse cyclic plastic zone
(rR = 4 lm) the material is under compression due to the thermal
expansion and the constraint effect. Further from this zone, the
temperature is lower and the circumferential stress becomes posi-
tive (tension) due to the conﬁnement of the material near the crack
tip (Fig. 2a). It has to be pointed out that all the previous illustrated
stress values are small because they are computed for a unit heat
source q (per unit length of crack front), and the stresses are propor-
tional to q (see Eqs. (7) and (8)).
2.3. The effect of the thermal stresses on the stress intensity factor
under cyclic loading
Within the heterogeneous stress ﬁeld due to the thermal stres-
ses, for the theoretical case of an inﬁnite plate with a semi-inﬁnite
through crack along a radial line from rR to +1, it is possible to
determine the associated stress intensity factor, KI,temp, due to the
temperature gradient from the wedge force (Green’s function)
solution ([10] page 87) as follows:
KI;tempðtÞ ¼
ﬃﬃﬃ
2
p
r Z 1
rR
rhðr; tÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r  rRp dr: ð9Þ
From Eqs. (8) and (9), the stress intensity factor due to thermal
stresses is expressed by:
KI;tempðtÞ ¼ a
0E0q
8pk
ﬃﬃﬃ
2
p
r Z 1
rR
4at
r2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r  rRp e
 r24at  e
r2
R
4at
 
dr

þ
Z 1
rR
1
r2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
r  rRp r
2
REi
r2R
4at
 
 r2Ei r
2
4at
  
dr

: ð10Þ
After integration Ranc et al. [6] have shown that it becomes:
KI;tempðtÞ ¼ a
0E0q
80k
ﬃﬃﬃ
2
p
r
40
ﬃﬃﬃﬃ
rR
p þ 20atðe
r2
R
4at  1Þ
r3=2R
þ 5 ﬃﬃﬃﬃrRp Ei r2R4at
 8<
:
þ 10ðatÞ
1=4
C 74
	 
 3 2F2 14 ;14
 
;
1
2
;
3
4
 
;
r2R
4at
   
þ 10ðatÞ
1=4
C 74
	 
 2F2 14 ;34
 
;
1
2
;
7
4
 
;
r2R
4at
   
 8rR
ðatÞ1=4C 14
	 
 52F2 14 ;34
 
;
5
4
;
3
2
 
;
r2R
4at
   
 8rR
ðatÞ1=4C 14
	 
 2F2 34 ;54
 
;
3
2
;
9
4
 
;
r2R
4at
   )
; ð11Þ
with the hyper-geometric function
pFqðfa1; . . . ; apg; fb1; . . . ; bqg; zÞ ¼
Xþ1
k¼0
ða1Þk . . . ðapÞk
ðb1Þk . . . ðbqÞk
zk
k!
; ð12Þ
where ðaÞk ¼ CðaþkÞCðaÞ ¼ aðaþ 1Þðaþ 2Þ . . . ðaþ k 1Þ is the Pochham-
mer symbol, and CðxÞ ¼ Rþ10 ux1exdu is the Euler Gamma function.
For instance, in our case:
2F2ðfa1; a2g; fb1; b2g; zÞ ¼
Xþ1
k¼0
ða1Þkða2Þk
ðb1Þkðb2Þk
zk
k!
:
The evolution of KI,temp (the thermal correction on KI) against
time is illustrated in Fig. 3 from [6] for a unit line heat source
(q = 1 Wm1) and the following typical material characteristics:
q = 7800 kg m3, C = 460 J K1 kg1, k = 52Wm1 K1,
a = 12  106 and E = 210 GPa. Fig. 3 shows that KI,temp is not very
sensitive to the size of the reverse cyclic plastic zone. This is due
to the large sizes of the plate considered in this paper.
The KI,temp determined by this equation would be a value super-
imposed on the usual stress intensity factor due to the cyclic load-
ing, noted KI,cyc in Mode I.
KIðtÞ ¼ KI;tempðtÞ þ KI;cycðtÞ ð13Þ
As is written before, due to the compressive thermal stresses
around the crack tip, it has been shown that the stress intensity
factor during fatigue loading has to be corrected by the factor
KI,temp.
KI,temp varies with time and can be considered as constant for
long times. In the very beginning of loading, the value of KI,temp is
small compared with KI,cyc and DKI(t)  DKI,cyc. There is also no sig-
niﬁcant effect of the temperature on the range of the stress inten-
sity factor. For long time (t 0), KI,temp can be considered as
constant during a loading period. Consequently the temperature
has no effect on DKI but it has an effect on KI,max and KI,min:
KI;max ¼ KI;cyc max þ KI;temp; ð14Þ
KI;min ¼ KI;cyc min þ KI;temp; ð15Þ
where KI,min and KI,max are the minimum and the maximum value of
KI(t) over a loading period. However, KI,temp can affect crack closure
by changing the load ratio RK ¼ KI;minKI;max. The ratio RK is affected by the
temperature correction:
RK ¼ KI;minKI;max ¼
KI;cyc min þ KI;temp
KI;cyc max þ KI;temp –
KI;cyc min
KI;cyc max
ð16Þ
The evaluation of this correction needs a precise quantiﬁcation
of the heat source associated with the plastic dissipation and the
thermal boundary conditions at the border of the plate. Experi-
mental measurements of the temperature ﬁeld, for instance by
using pyrometry technique, need to be carried out in this way,
and a more representative case study should be considered be-
cause a real structure is not inﬁnite and is submitted to thermal
losses (convection for instance). Such a study is proposed in the
following section.
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different radius of the reverse cyclic plastic zone, from [6].
3. A ﬁnite plate with a central through crack
For being representative of a real propagating crack problem, let
us now consider a ﬁnite plate with a central through crack. The fa-
tigue crack growth tests carried out in this study are ﬁrst presented
in the following together with the measurement of the tempera-
ture ﬁeld at the surface of the cracked specimen. In such a case,
thermal losses due to convection cannot be neglected. That is the
reason why the computation of both the temperature ﬁeld and
the associated stresses and strains have been done by a ﬁnite ele-
ment analysis as presented in the previous section and Ref. [6]. The
results of these calculations and the identiﬁcation of the heat
source are presented in the third and fourth part of this section. Fi-
nally, the correction on the Mode I stress intensity factor is
estimated.
3.1. Heat source identiﬁcation associated with the fatigue crack
growth
3.1.1. Experimental conditions
Fatigue crack growth tests have been carried out on a plate
specimen made of a mild steel (C40) in order to estimate the dissi-
pated power per unit length of the crack front during cyclic load-
ing. The mechanical properties of this steel are the following:
Young modulus E = 210 GPa, Yield stress ry = 350 MPa, ultimate
tensile strength UTS = 600 MPa. A center cracked specimen is used
with a thickness of 4 mm as is illustrated Fig. 4. The fatigue tests
have been carried out at room temperature (around 20 C) with a
resonant fatigue testing machine (Vibrophore). The loading
frequency is about 100 Hz. The temperature ﬁeld at the specimen
surface is measured with an infrared camera (CEDIP Jade III
MWR) whose spectral range is between 3.9 lm and 4.5 lm. The
acquisition frequency and the aperture time of the camera are
respectively 5 Hz and 1100 ls. In order to neglect the effect of
the emissivity of the surface on the determination of the tempera-
ture, the specimen is covered with a ﬁne coat of mat black paint.
The specimen is pre-cracked under cyclic loading at R = 0 so that
an additional natural fatigue crack of 2 mm occurs at each end of
the initial central crack machined by electro-erosion (Fig. 4).
The experimental conditions of the tests are summarized in
Table 1. The length of the initial crack aini and the ﬁnal length aend
are measured with a high resolution optical camera. DKint and
DKend are calculated from respectively aini and aend. All the infrared
measurements are carried out on the left-hand side crack, but the
two cracks emanating from the center of the plate are measured.
Their length is quite the same, the maximum difference is lower
than 0.5 mm (therefore this is not reported in Table 1).
3.1.2. Temperature ﬁeld around the crack tip
Fig. 5a presents the mean temperature evolution at the crack tip
in the case of the test E4 in each of the ﬁve areas near the crack
front deﬁned in Fig. 5b. The temperature evolution exhibits a
superposition of a high frequency evolution of the temperature
due to the thermo-elasticity and a low frequency signal evolution
corresponding to the dissipated power in the reverse cyclic plastic
zone. Indeed, under cyclic stress, the thermo-elastic effect gener-
ates a reversible variation of the temperature. Since the acquisition
frequency is much weaker (5 Hz) than the smallest requested fre-
quency (approximately 200 Hz), the temperature oscillation fre-
Table 1
Experimental conditions.
Test reference R ratio Test duration (s) aini (mm) DKini ðMPa
ﬃﬃﬃﬃﬃ
m
p Þ aend (mm) DKend ðMPa
ﬃﬃﬃﬃﬃ
m
p Þ N (cycles)
E1 0.1 1600.0 16.5 12 17.1 12.5 160  103
E2 0.1 766.0 17.1 15 19.1 15.8 76.6  103
E3 0.1 828.8 19.1 17 21.9 18.2 82.88  103
E4 0.1 689.4 21.9 20 26.3 21.8 68.94  103
Fig. 4. Geometry of the center cracked specimen made of C40 steel (thickness 4 mm).
quency is controlled by the stroboscopic effect. Consequently this
frequency depends on the loading frequency of the machine and
the acquisition frequency of the camera. The amplitude of the tem-
perature oscillations depends directly on the stress amplitude and
more precisely on the stress tensor trace. Fig. 5a illustrates clearly
that, when the distance from the crack tip increases, the amplitude
of the temperature oscillations decreases because the amplitude of
the local stresses decreases also. However, these oscillations re-
main low compared with the average temperature increase that
is the consequence of the dissipation in heat and that is of interest
in this paper.
The total increase of the temperature in the specimen between
the beginning and the end of the test corresponds to the heat
source related to the plastic dissipation in the reverse cyclic plastic
zone. This heat diffuses in all the specimen and generates an in-
crease of its temperature. Fig. 6 shows the temperature ﬁeld vari-
ation between the beginning and the end of the test E4 on the
surface specimen near the crack front. It can be noted that the tem-
perature is not homogeneous close to the crack tip.
For a range of the Mode I stress intensity factor, DK of
20 MPa
ﬃﬃﬃﬃﬃ
m
p
and R ratio equal to 0.1, the total increase in the tem-
perature is about 2.5 C in the area number 2 (deﬁned by Fig. 5b).
At the end of the test, the cyclic loading is stopped and the speci-
men cools freely under the effect of convection.
Furthermore, it has to be noticed that constant amplitude fati-
gue tests have been carried out on a mat black paint smooth spec-
imen (made of the same C40 steel, with the same thickness)
without any crack. The same fatigue testing machine has been used
at the same loading frequency. For the same nominal stress ampli-
tudes as those applied on the cracked specimen, no self heating is
measured by the infrared camera. Indeed, it is known in the liter-
ature that, for some metals, self heating could appear at stress level
equal to or higher than the fatigue limit [11,12]. This is not the case
in our experiments. The observed temperature increase is due to
the heat source at the crack tip.
3.1.3. Identiﬁcation of the dissipated power from the temperature
measurement
In order to estimate the dissipated power in the reverse cyclic
plastic zone, a thermal modeling of the specimen has been done
by FEA (with a home-made ﬁnite element model using Matlab).
The geometry of the modeled specimen and the thermal boundary
conditions are shown in Fig. 7. The sizes of the simulated specimen
are similar to those of the tested specimen (Fig. 4). The tempera-
ture is supposed to be homogeneous in the thickness of the speci-
men, and a two dimensional calculation is then carried out. Due to
the symmetry of the problem, only one fourth of the specimen is
modeled. Convection boundary conditions are considered all
around the specimen (edge of the specimen and on the surface of
the specimen). The convective heat transfer coefﬁcient, noted h,
is taken equal to 10 Wm2 K1 (typical value for natural convec-
tion in air). For mild steel, the density, the heat capacity and the
thermal conductivity are taken equal to respectively 7800 kg m3,
Fig. 5. Temperature results: (a) temperature evolution during test E4
(DK ¼ 20 MPa ﬃﬃﬃﬃﬃmp ; R = 0.1), (b) location of the different areas used in Fig. 5a). The
arrow indicates the crack tip position.
Fig. 6. Temperature variation ﬁeld near the crack front for the test E4
(DK ¼ 20 MPa ﬃﬃﬃﬃﬃmp ; R = 0.1). The arrow indicates the tip of the natural fatigue crack
emanating from the crack machined by electro-erosion (on the left). Fig. 7. Geometry and boundary conditions of the thermal problem.
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460 J K1 kg1 and 52Wm1 K1. Both the initial temperature and
the ambient temperature are taken equal to 20 C. The dissipated
power in the reverse cyclic plastic zone is modeled by a line heat
source along the crack front (as was done by the authors in [6]).
As the thermal problem is linear, a line heat source of 1 Wm1 is
applied in the FEA. The thermal problem is consider as stationary
and also independent of time.
Figs. 8 and 9 show the temperature ﬁeld on the specimen sur-
face and the temperature evolution along the x axis for a crack po-
sition a = 21.9 mm. This geometrical conﬁguration corresponds to
the beginning of test E4 with stress ratio R = 0.1 and stress inten-
sity factor range DK ¼ 20 MPa ﬃﬃﬃﬃﬃmp . The FEA shows that, at a dis-
tance of 5 mm of the crack tip (zone 2 on Fig. 5), the
temperature increase is equal to 0.0163 C for a unit dissipated
power (q = 1 Wm1). Since for the test E4, the temperature varia-
tion in the same zone is about 2.5 C, this value allows the follow-
ing estimation of the dissipated power: 153Wm1. With the same
methodology the temperature variation in zone 2 is measured, and
the dissipated power is computed. The results are shown in Table 2
for the four test conditions. Furthermore, Fig. 9 shows that the
temperature ﬁeld around the crack tip is strongly heterogeneous.
3.2. Quantiﬁcation of the stress ﬁeld associated with the temperature
ﬁeld
3.2.1. Presentation of the method
The cracked specimen is subjected to a cyclic loading, and far
from the crack, the normal stress in the direction of the specimen
is r(t) = rm + ra sin (xt) where rm is the mean value of stress, ra
the stress amplitude and x the angular frequency. It also appears
a heat source along the crack front associated with the plastic dis-
sipation in the reverse cyclic plastic zone. This dissipated power is
not constant during one loading cycle but this is always positive
because of the second law of thermodynamics. However, if the test
duration is supposed to be very much longer than the loading cycle
period, it can be considered that the dissipation evolution during
one cycle remains small compared to its variation during the test.
Moreover, in our calculation the crack is loaded with a quasi-con-
stant stress intensity factor range and a constant stress ratio, that is
why the heat source (noted q) is supposed constant during one
test.
The dissipated power in the reverse cyclic plastic zone also gen-
erates a heterogeneous temperature ﬁeld which depends on the
intensity of the heat source associated with the plasticity and the
thermal boundary conditions of the cracked specimen. This tem-
perature ﬁeld is calculated in the previous section. Due to the ther-
mal expansion of the material, the temperature gradient near the
crack tip creates thermal stresses which contribute to the stress
ﬁeld associated with the cyclic loading of the crack.
Plane stress conditions are assumed. In the reverse cyclic plastic
zone, there is unrestricted plastic ﬂow through the thickness direc-
tion in the cracked specimen. With alternating plasticity in the re-
verse cyclic plastic zone, the mean stress tends toward to zero. Also
in the thermo-mechanical problem, only the elastic domain is con-
sidered and the boundary condition in the reverse cyclic plastic
zone radius is that the radial stress is equal to zero. The boundary
conditions are illustrated in Fig. 7. Outside the reverse cyclic plastic
zone, the constitutive behavior of the material is thermo-elastic.
The Young modulus, Poisson ratio, density and thermal expansion
coefﬁcient are respectively equal to 210 GPa, 0.29, 7800 kg m3,
and 1.2  105 K1.
This thermo-mechanical problem can be decomposed into
two problems: the ﬁrst problem (purely mechanical problem) is
the cracked specimen subjected only to the cyclic loading
r(t) = rm + ra sin (xt) without heat source due to the crack. The
stress ﬁeld associated with this problem is related to a Mode I
Fig. 9. Temperature variation ﬁeld evolution along the x axis for test E4 (the arrow
indicates the crack tip position on the x axis).
Fig. 8. Temperature variation ﬁeld computed on the specimen surface for a unit
heat source: (a) general view, (b) enlargement (the arrow shows the crack tip
position).
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Fig. 11. Decomposition of the thermal problem into two other problems.
Fig. 10. Decomposition of the general problem in a mechanical problem and a thermal problem.
Table 2
Temperature variation in zone 2 and dissipated power for the different tests.
Test reference aini (mm) DKini ðMPa
ﬃﬃﬃﬃﬃ
m
p Þ Temperature variation in area 2 (C) Dissipated power (Wm1)
E1 16.5 12 0.3 17.7
E2 17.1 15 1 62.2
E3 19.1 17 1.4 84.1
E4 21.9 20 2.5 153
stress intensity factor K(t). The second problem (purely thermal
problem) is the cracked specimen subjected to the line heat source
q. The thermal stress associated with this thermal loading is re-
lated to a stress intensity factor named Ktemp. This decomposition
is illustrated in Fig. 10. This decomposition is correct if there is a
small effect of the heat source on the reverse cyclic plastic zone
size. The thermal effect generates a compressive stress ﬁeld near
the crack front and thus creates a negative contribution on the
stress intensity factor (Ktemp < 0).
The ﬁrst problem (pure mechanical problem) is solved in a clas-
sical way and enables us to estimate the Mode I stress intensity
factor K(t) according to the applied stress r(t). The resolution of
the second problem and the estimation of Ktemp are more difﬁcult.
The authors have used a solution consisting in another decomposi-
tion of the thermal problem into two other problems (Fig. 11). In
the ﬁrst case (a), a stress r(x) is applied on the crack lips in order
to impose a crack opening equal to zero (uy = 0). This stress r(x) is
calculated from a thermo-elastic problem without crack and with
the heat source q. The stress intensity factor for case (b) is then cal-
culated with the Green function [10]:
KIðbÞ ¼ Ktemp ¼ 2ﬃﬃﬃpp
Z a
0
rðxÞ
ﬃﬃﬃ
a
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2  x2
p dx ð17Þ
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Fig. 12. Total and thermal normal strain distribution along x axis in the case of E4
test (DK ¼ 20 MPa ﬃﬃﬃﬃﬃmp ; R = 0.1): (a) normal strain toward x axis, (b) normal strain
toward y axis.
Fig. 13. Normal stress toward x axis distribution along x axis in the case of E4 test
(DK ¼ 20 MPa ﬃﬃﬃﬃﬃmp ; R = 0.1): (a) general view, (b) enlargement near the reverse
cyclic plastic zone.
Fig. 14. Normal stress toward y axis distribution along x axis in the case of E4 test
(DK ¼ 20 MPa ﬃﬃﬃﬃﬃmp ; R = 0.1).
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3.2.2. Calculation results for the test E4
The results of the calculation of the effect of self heating on the
stress intensity factor is now detailed in the particular case of the
test E4 with a stress intensity factor range equal to 20 MPa
ﬃﬃﬃﬃﬃ
m
p
(and R = 0.1). The temperature ﬁeld is thus calculated and the
mechanical problem (Case (a)) of the thermal problem is solved.
Fig. 12a and b illustrate the evolution of the normal strain exx
and eyy respectively, along the x axis. On these two ﬁgures, the
red curve corresponds to the evolution of the thermal strain due
to the thermal expansion.
Figs. 13 and 14 show the evolution of the normal thermal stres-
ses rxx and ryy (crack opening stress) along the x axis. These ﬁgures
show clearly that, due to dissipation in heat, the crack tip is under
compression. Near the reverse cyclic plastic zone, the radial normal
stress is equal to zero (cyclic mean stress relaxation modeled by
the boundary conditions on the reverse cyclic plastic zone inter-
face). There is then a minimum of the normal stress at a distance
of 40 lm from the reverse cyclic plastic zone. Fig. 13b shows an
enlargement on this minimum of the stress.
3.3. Assessment of the effect on the stress intensity factor
Calculation previously presented has been carried out for all the
tests listed in Table 1. From Eq. (17) and the thermal stress ﬁeld (as
is illustrated in Fig. 14 in the particular case of test E4), the effect of
dissipation in heat on the Mode I stress intensity factor, Ktemp, can
be estimated. All the results are shown in Table 3. They are nega-
tive because of the compressive thermal stresses around the crack
tip.
In the case of test E4, the correction on the stress intensity fac-
tor is 0:32 MPa ﬃﬃﬃﬃﬃmp . This table shows that, for the investigated
material and experimental conditions, the effect of plastic dissipa-
tion in heat at the crack tip is small compared to the range of the
stress intensity factor, especially for low value of DK. However, it
has to be kept in mind that the dissipated power per unit length
of the crack front is both proportional to the loading frequency
(around 100 Hz in the present study) and strongly dependent on
the material mechanical properties since it is proportional to r4y
(see Eqs. 3 and 4). Consequently this effect could be much more
pronounced for ductile materials (low cyclic yield stress) and high
values of stress intensity factor range.
4. Conclusion and prospects
Under cyclic loading, the temperature variation ﬁeld around the
crack tip of a cracked structure is strongly heterogeneous. This is
due to the dissipation in heat within the reverse cyclic plastic zone
and the thermal stresses induced by the thermal expansion coefﬁ-
cient of the material. It has been shown that, due to the tempera-
ture gradient outside the plastic zone, a local compressive stress
ﬁeld is created. Consequently, the Mode I stress intensity factor
has to be corrected by a negative value noted Ktemp. This reduces
the crack driving force. The Mode I stress intensity factor has then
been calculated by taking into account this ﬁeld. Both the effective
range of the stress intensity factor (considering closure), the max-
imum and minimum values of KI and the stress intensity ratio
RK ¼ KI;minKI;max are affected by the thermal stresses.
In the case of an inﬁnite plate with a semi-inﬁnite through crack
under a remotely applied tensile force (Mode I), an analytical
expression of this correction factor on the Mode I stress intensity
factor exists. This is proportional to the heat source, q, in the re-
verse cyclic plastic zone. For a ﬁnite plate with a large central
through crack a ﬁnite element analysis, which takes into account
the convection heat losses, both the temperature ﬁeld and the in-
duced thermal stresses responsible for Ktemp are needed to be com-
puted. Experimental investigations have been carried out on a mild
steel (C40). They show that the heat source under
DK ¼ 20 MPa ﬃﬃﬃﬃﬃmp and R = 0.1 is small  0:32 MPa ﬃﬃﬃﬃﬃmp	 
.
However, since the dissipated power per unit length of the
crack front is proportional to both the loading frequency and
(DK/ry)4, this effect should be more important for ductile metals
(low yield stress) loaded under high stress intensity factor range.
Revisiting the frequency effect on the fatigue crack growth could
be also interesting by taking this thermal correction into account.
According to the authors, systematic experiments should be car-
ried out on several materials to quantify the heat source at the
crack tip which is clearly a key factor in fracture mechanics, espe-
cially for fatigue crack growth tests at high frequency. Other stud-
ies should be carried out in thermo-mechanics to take into account
the temperature ﬁeld effect on fracture mechanics considerations.
Furthermore, additional studies have to be done to compute the
thermal stresses around the crack tip of a cracked structure under
non-stationary regime. The thermo-mechanical problem with a
moving heat source on a ﬁnite plate has also to be investigated.
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Table 3
Radius of the reverse cyclic plastic zone, dissipated power and thermal correction of
the stress intensity factor computed for the four fatigue crack growth tests at R = 0.1.
Test
reference
DK ðMPa ﬃﬃﬃﬃﬃmp Þ rR
(lm)
Dissipated power
(Wm1)
Ktemp ðMPa
ﬃﬃﬃﬃﬃ
m
p Þ
E1 12 58 17.7 0.04
E2 15 90 62.2 0.14
E3 17 116 84.1 0.18
E4 20 190 153 0.32
